ABSTRACT. The authors define a notion of system of sets with multiplicative asymptotic density in this paper. A criterion and one necessary condition for a given system A i
Introduction
In paper [3] , we studied, among others, properties of the set of natural numbers which are expressible in the form of sum of two squares of integers (see [2] , [4] , [5] ) and properties of a system of certain sets where this set is included.
We have denoted p 1 < p 2 < · · · < p i < . . . the sequence of prime numbers in the form p i = 4k +3, where k ∈ N ∪{0} and D i = m · p 2j i : j ∈ N ∪{0}, m ∈ N, gcd(m, p i ) = 1 . It means, that D i is a set of those natural numbers which have not the prime number p i with odd exponent in their canonical decompositions. It is well known (see [1] ), that a set D containing all natural numbers which are expressible in the form of sum of two squares of integers is equal to the intersection of sets
We have proved following two theorems in [3] : 
Ä ÑÑ 1.2º Let D i be sets defined in the same way as in the previous lemma.
Then for every n ∈ N it holds, that
As a corollary of Lemma 1.2 we have had obtained:
ÓÖÓÐÐ ÖÝ 1.1º Let D i be sets defined in the same way as in Lemma 1.1.
We can see that the asymptotic density of the intersection of sets D 1 , . . . , D n is equal to the product of asymptotic densities of sets D 1 , . . . , D n . If we made minor alterations to the proof of 1.2, then we would find, that for an arbitrary finite subsystem of the system
the asymptotic density of intersection of its sets is equal to the product of asymptotic densities of its sets.
Systems of sets with multiplicative asymptotic density
Inspired by properties of asymptotic densities of intersections of sets D i which are described in Lemma 1.2, we define a notion of system of sets with multiplicative asymptotic density.
We will use following denotation.
ÒÓØ Ø ÓÒ 2.1º Let N be the set of natural numbers and A be a subset of N.
We denote by A(n) the number of elements of the set A which are less or equal to n and by d(A) the asymptotic density of
we denote the integral part of number x. Finally A − B is the difference of sets A and B. Now we define the notion of system of sets with multiplicative asymptotic density.
Ò Ø ÓÒ 2.1º Let Σ be the system of all sets A ⊆ N such that their asymp-
, where A i ∈ Σ, has multiplicative asymptotic density if and only if for every n ∈ N it holds that
where
has multiplicative asymptotic density" we can use denotation "
is a m.a.d. system."
SYSTEMS OF SETS WITH MULTIPLICATIVE ASYMPTOTIC DENSITY
Verbal description of this definition could be the following. A system of sets of natural numbers (whose asymptotic densities exist)
, has multiplicative asymptotic density if and only if the asymptotic density of intersection of its arbitrary finite subsystem of distinct sets is equal to the product of asymptotic densities of sets from this subsystem. 
for every n ∈ N.
We have not used the condition p i = 4k + 3 in the proof of Lemma 1.2. Therefore we can say, that equation (2) holds also for system of sets
, where D * i is a set of those natural numbers, which have not the prime number p i with odd exponent in their canonical decompositions,
is the sequence of all prime numbers.
Also, we can say that in this case the proof of equation (1) could be done in the same way as the proof of equation (2), we just would have to change indexes of sets
We can see, that the system
is a system with multiplicative asymptotic density.
Trivial example of a system with multiplicative asymptotic density could be the system A i
, where
There is a question, which systems of sets
have multiplicative asymptotic density. Preliminary information about this problem gives the following criterion.
Ì ÓÖ Ñ 2.1º System of sets
A i ∞ i=1
has multiplicative asymptotic density if and only if the system N −
has multiplicative asymptotic density. has multiplicative asymptotic density and consider its arbitrary subsystem A i j n j=1
. We have to prove, that
First we analyze the case when there is a set
Exploiting this fact we can see, that we can consider just arbitrary subsystem
For simplicity of denotation we change the indexes of the sets of this system
and we will denote it as A i n i=1
. With regard to this change of indexes, we are going to prove the relation
If we denote A(m) the number of elements of a set A which are less or equal to m, then using simple combinatoric consideration we conclude, that
Hence we obtain the relation
As we have said before, we consider a system of sets
has multiplicative asymptotic density. Thanks to this fact we can write
. . .
We are going to prove by induction that
From (3) we obtain for n = 2 the equation
Now we are going to make the induction step. Let us suppose, that d
Moreover, we can see that
Using known relation
By comparison of (4) and (5) we conclude
We have proved that the system
has multiplicative asymptotic density. The proof of reversal implication is trivial now.
, where D * i is a set of those natural numbers which have not the prime number p i with even exponent (or equal to zero) in their canonical decompositions, is a system with multiplicative asymptotic density.
We define the system of sets
. . is the sequence of all prime numbers. It means that B i is a set of those natural numbers which have the prime number p i with odd exponent in their canonical decompositions.
We can see that
.
From Theorem 2.1 it follows that the system
is a system with multiplicative asymptotic density. It means, that for arbitrary n ∈ N it holds that
where i j ∈ N, i j = i k for j = k.
ÓÖÓÐÐ ÖÝ 2.1º Let
be a system with multiplicative asymptotic density. Then for every n ∈ N and for every i 1 , . . . , i n ∈ N it holds that
is, with regard to Theorem 2.1, a system of sets with multiplicative asymptotic density. The statement of Corollary 2.1 is then obvious.
In addition to the criterion from Theorem 2.1, we introduce a necessary condition which every system of sets with multiplicative asymptotic density fulfils.
Point is that sets of such a system which asymptotic density belongs to the open interval (0, 1) must differ each other in infinitely many elements.
Ì ÓÖ Ñ 2.2º Let
be a system of sets with multiplicative asymptotic density. Then for arbitrary i, j ∈ N, i = j, such that
P r o o f. We have to realize that
and
exists, too, and it is easy to see that
If the set A i − A j was finite, then d(A i − A j ) = 0 and it would mean that
By assumption, the system A i
has multiplicative asymptotic density.
Likewise, finiteness of the set A j − A i leads to contradiction with the assump-
We generalize Lemma 1.1 and Lemma 1.2 now.
Further let a ∈ N, b ∈ N ∪ {0} be given. We define, for every i ∈ N, the sets
2) The system of sets
is a system of sets with multiplicative asymptotic density, i.e. for every n ∈ N and every {i 1 , . . . , i n } ⊂ N the following equation holds
PAVEL JAHODA -MONIKA PĚLUCHOVÁ P r o o f. ad 1) We can see that
Let us define, for arbitrary fixed k ∈ N ∪ {0}, the sets
Asymptotic densities of these sets fulfill, for every k ∈ N ∪ {0}, the conditions
It is obvious that
and so on. Therefore, using equation (7), we can write for every
ad 2) By induction. The case of n = 1 was shown in part ad 1). Now, consider sets A i 1 , . . . , A i n . Let us suppose that
We have to realize that n j=1
. . , n and define, for arbitrary k ∈ N ∪ {0}, the sets
A i j , then asymptotic densities of these sets fulfil for every
It is obvious, that
and so on. Therefore, using equation (8) we can write for every k ∈ N ∪ {0} 
and It is obvious that
